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Statistical inference-I

Statistical inference

The process of drawing inferences about population on the basis of sample information that
contain the population is called statistical inference.

It has two types
i) Estimation of parameter i) Testing of hypothesis
Estimation of parameter

Estimation is a procedure to estimate unknown value of population parameter on the basis of
sample information.

It has two types
1) Point estimation i) Interval estimation
Point estimation

The procedure to obtain a single unknown value of population parameter on the basis of sample
information by using an estimator is called point estimation.

Point estimate/estimate

A single numerical value calculated from the sample data by using an estimator is called an

2X _75 g

estimate or point estimate. For example if we have 5, 10,15,20,25. Then X = ~=—

n 5
DX

n

Here 15 is a point estimate or estimate and is estimator.

Interval estimation

The procedure to obtain an interval, on the belief that it will include the parameter 8 with a
known probability is called interval estimation.

Interval estimate

An interval, calculated on the belief that it will include the parameter € with a known probability
is called interval estimate. The confidence interval for 8 with probability (1- «)is given by

P(L<O#<U)=(1-a) For0<a <1

Where “L” represents lower limit and “U” represent upper limit.

Define estimator

A formula/rule used to estimate the unknown value of population parameter on the basis of
sample information is called estimate or estimator. Foe example X = % here TX IS
estimator.

What is meant by interval, confidence interval and confidence coefficient?

Interval: The range of values is called interval

Confidence interval: (1—«a) or 100(1— «)% probability is associated with an interval that will
contain the population parameter.
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Confidence coefficient: An interval to which 100(1— «)% probability is associated that will
contain the population parameter

How the width of confidence interval can be decreased?

The width of confidence interval can be decreased

1) By increasing the sample size

i1) Decreasing confidence coefficient (level of confidence)

If sample size is increased, what will be the change in confidence interval?

If sample size is increased, the width of confidence interval is decreased.
What will be the effect on a confidence interval if the level of confidence decreases?
The width of confidence interval decreases if the level of confidence decreases.
Differentiate between estimation, estimate and estimator?

Ans: In statistical inferences, estimation is a process; estimator is the formula and estimates the
numerical value.

Differentiate between statistic, estimate and estimator?

Estimator is the formula and estimates the numerical value and statistic is a function of random
variable being measured.

Why we construct confidence interval?

Since the point estimates may or may not be representative of the corresponding parameter, its
reliability is doubtful. In order to increase reliability, we prefer interval estimation. Hence
interval estimation is much more reliable then point estimation. The point estimate is used to
obtain an interval estimate.

Define confidence limits.

The two endpoints of a confidence interval are called confidence limits.

Suchas P(L<#<U)=(1-a) For0<a<1

Where “L” represents lower limit and “U” represent upper limit.

What is error of estimation?

The distance between estimate and the estimated parameter is called error of estimation.
Define degree of freedom

Degree of freedom is the number of values that are free to vary after we have placed certain
restrictions upon the data.

Properties of good estimator

The properties of good point estimator are given below

i) Unbiasedness ii) Consistency iii) Sufficiency iv) Efficiency

v) UMVUE (Uniform minimum variance unbiased estimator) vi) Completeness
vii) Invariance

If these properties satisfy then we say it is good point estimator
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Property-I Unbiased Estimator

Unbiased estimator

An estimator @ is said to be unbiased estimator of & if and only if E(0) = 0 otherwise biased
estimator E () = 0

i) If E(O) =06 it is unbiased estimator
ii) E() =0 it is biased

iii) E@)>0 it is positively biased
iv)  E(6)<6 it is negatively biased

This property is known as unbiasedness

Define unbiasedness

The property of an estimator being free from bias is called unbiasedness.
Differentiate between biased estimate and unbiased estimate?

An estimator is said to be unbiased if the mean of sampling distribution of the statistic is equal to
its parameter. E(X) = 2 Otherwise it is biased E(X) # u

Q. 1:
If “T” is an unbiased estimator of '@' then show that 'T?'is a biased estimator of'6?".
Solution:

It is given that

E(T)=6
As we know that

Var(T)>0

E[T-EM)]* =0

E(T*)-[E(M)]" 20

E(T)-6%20

E(T?)>6°

Hence 'T?'is a biased estimator of '0°".
Q.2

If “T” is an unbiased estimator of '@" then show that 'T*'is a unbiased estimator of '6*'.
Solution:

It is given that

E(T)=6
As we know that

Var(T)=0
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E[T —E(T)]* =0

E(T*)-[E(M)]* =0

E(T2)-62=0

E(T?) = 06"

Hence 'T?"is a unbiased estimator of '6*'.

Q. 3: Statement: suppose that X1, Xz, X3z, ...,Xn be a random sample from a normal population

o . X2 . .
distribution with zero mean and variance 'c?' . Then show that z— is an unbiased estimator
n

4

] ] 20
of 'o?" with variance —.
n

Solution:
It gives that
X, = N(0,5%)
We know that
. 2

Where“n” is degree of freedom And we have u=0 then

o (X, -0,
; o7 A

e O_2 (n)
: 2 22
in =0 X

i=1

Dividing both sides by ‘n’

inz 2 2
i1 O X
= A
. . (A)
For mean

Applying expectation on both sides of equation (A)

:n:Xiz 2
i= (2
El L —|= E{—an)}
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©n 2_
in 0_2
i=1 =—n

n n

>
i=1

n

X2 _ .
Hence Z ' is an unbiased estimator of o2.
n

FOR VARIANCE

Applying variance on both sides of equation (A)

C 2
2% z
var| 2 | =var| T 42
= X(n)
n

n

inz 4
2

i—1 _0
E =—— _Fvar[;((n)

E| = :0—22n
n n
n x_2
c ; Y 20"
n n

z Xiz - - - 2 - - 264
Hence is an unbiased estimator of o “ with variance )

n n
Q.4
Show that safple mean X is an unbiased estimator of Population mean p and
SZ:M is biased Estimator of populationVariance azbutSZ:M

n n
is an unbiased estimator of population variance o? .

Solution:

a)
Let by definition
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E(X) =AM T M Where E(X) = u

E(X)=u
Hence X isan unbiased estimator x .

b) As we know that

o2 _ Z(xn— X)

nS? =" (X - X)

Adding and subtracting ‘p’ inside bracket

nS? :Z(Xi —,u+,u—Y)2

5% = 3 [(X, ~ )~ (X~ )]
052 = 3[(X, - )% + (X = )2 — 20X, — )(X - 10)]
057 = 20X, —af + 3 (K - )” ~2(X — )3 (X, - 1)

Where > (X; — ) =Y X; —nu=nX —nu=n(X - z)

n

nS? = (X, —u)* +n(X = )? = 2(X — p)n(X — 1)

n

nS? => (X, —uff +n(X = p)* —2n(X — p)?

n

nS® =" (X; - u)f —n(X - u)?
Applying expectation on both sides
NE(S?) =Y E(X, —u)° —nE(X - u)°

NE(S2) =no? —nvar(X)
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Where E(X, — u)’ = o>

2
NE(S2)=no?-n-
n

nE(S?)=o*(n-1)
E(82>="7(n—1)

Hence S?is a biased estimator of o2

(©)

As we know that

o DX = X)?
T n-1

(n-1)s* => (X - X)

Adding and subtracting ‘p’ inside bracket

(n-1s? :Z(Xi —/,1+,u—Y)2

(n-1s? =[x, - 1)~ (X - 2]
(n-1)s? = [, = 1) + (X = )2 = 20X, = )X - )]
(1-D57 = DX, — f + DX — )" ~2(X ~ 103 (X, - 1)

Where D (X; =) =Y X, —nu=nX —nu =n(X — )

n

(n=1)s% = > (X, =) +n(X = 1)* =2(X = g)n(X — )

n

(n=1)s% = > (X, — )" +n(X = 1)* =2n(X — p)’

n

(n-Ds® = > (X, —u)' =n(X - p)°
Applying expectation on both sides
(N-DE(s®) =D E(X; — u)° —nE(X - p)?

(n—1E(s?)=no? —nvar(X)

Where E(X, — u)* = o?
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2
(n—1E(s?)=no? —nZ—
n

(N—1)E(s?) = o?(n-1)
E(s?*) =0
Hence s?is a unbiased estimator of 2.

Q.5:
Let X,,X,,X,...X, be arandom sample of size 3 from a normal population with mean x and (

c?) T,,T,,T, are the estimators defined as
T, =X +X,-X,

T, =2X, +3X, —4X,

T AX + X, + X,
’ 3

Show that
a) T, and T, are unbiased estimator of u
b) Find the value of A such that ‘T’ is an unbiased estimator of
C) Which one are the best estimators.

Solution:

a) Let

T, =X, + X, — X,
Applying expectation on both side
E(M)=E(X,+X,-X;)

E(T,) = E(X,) + E(X;) - E(X;)

E(T)=p+pu—p

E(T,)=u

Hence T, = X, + X, — X, is an unbiased estimator of
(ii)

T, =2X,+3X, —-4X,

Applying expectation on both sides

E(T,) = 2E(X,) +3E(X,) —4E(X,)
E(T,)=2u+3u—-4u

E(T,) =x

Hence T, =2X, +3X, —4X, is an unbiased estimator of x
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b)
To find value of A
As

CAX X, + X
- 3

T3
3T, = AX, + X, + X,

Applying expectation on both sides
3E(T,;) = AE(X,) + E(X,) + E(X};)
3E(T,;) = AE(X,) + E(X,) + E(X};)
Su=Au+u+u

3u=Au+2u

H=Au

A=1

X+ X+ Xy

So T, 3

c) Variances
T, =X +X,-X,

Appling variance on both sides
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Var(T,) =Var(X,) +Var(X,) —Var(X,)

Var(T,)=c? +o? +o*
Var(T,) =30

Similarly

i) T, =2X, +3X, —4X,

Appling variance on both sides

Var(T,) = 4Var(X,) +9Vvar(X,)—16Var(X,)

Var(T,) =40° +90° +165°
Var(T,) = 295
iii)

X+ X+ Xy

T, 3

Applying variance on both sides

Var(X,)+Var(X,)+Var(X,)

Var(Ty) = 9
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c’+o0+0?

Var(T,) =

(T,) 5

2

Var(Ts):—BG

9

0_2

Var(T,) =—

(T3) 3

The relation exist
Var(T,) >Var(T,) >Var(T,)

So T, are the best estimators

Q.6:

Let X, X,...X,, be a random sample size ‘n’ observation and  Y,,Y,...Y, be a random

X +mY n—-1)s? +(m-1)s?
nX+mYandS§:( )S, +(m-1)s;

sample of size ‘m’ observation then show that X o
n+m n+m-2

Are unbiased estimators of x  and o ?respectively.

Solution:
It is given that

Yp _ nX +mY
n+m

Applying expectation on both sides

V2 va __2 _ __2
E(X,)=E nX +my )?:ZX,SXZZZ(X X) :ZY’S§:Z(Y Y)
n+m n n-1 m m-1
X = NEX+mEY E(X)=x and E(Y)=u
n+m

g nu+mu  p(n+m)
* n+m (n+m)

E(X,)=uHence X, = NX+MY s an unbiased estimator of .
n+m
Now
52 _ (n—=1)s; +(m-1)s;
P n+m-2

Appling expectation on both sides

(n-1)SZ+(m-1)S;
n+m-2

E(S?) = Eli

(n—DE(S;) +(m-1)E(S;)
n+m-2

E(Ss):{
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(n-DE(S;) +(m-D)E(S;)

E(S?) =
®p) n+m-—2
E(S?) = (n—l)E(Sf)+(m—1)E(Sj) _ (n-Do? +(m-1c?
P n+m-2 n+m-—2
o’(n-1+m-1
E(s?) =2 )
n+m-2
2 2
E(S,)=0c
n-1)s? +(m-1)s’
Hence Sﬁz( )5 + Sy it is an unbiased estimator of o2.
n+m-2
Q7

—m@—e—K)

—kx
(a) If °x’ is a passion random variable then show that E (e ) — e
(b)Show that if X the mean of ‘n’ passion variates an independent random *m’ then show that

-X .. ) -
e is biased estimator of € m.

Solution:
@
As X =~ P(x;m)
e "m*
P(X =Xx) = BRI X =0123,.....,0©

As

[e0)

E(e™)=> e™P(X)

x=0
_ . e ™"m”*
E(e™) = ge kx—x!
0 —kX jan X
E(e_kx) — e‘mZﬂ
= Xl
Ee ™) :em‘<ekm)*}
X
E(e™) =e’m_(e4(m)0 + (em)’ + (e'm)” Foreeeeeeeenn, }
o I 2
E@*)=e™" _1+ (e”'m) + (e'm)’ Forreneenn, }
1 2

Therefore e :[1+g+£+ ............... }
2

E(e™)=e™e™"
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E (e—kX) _ e—m+me’k

E(e—kX) _ e—m(l—e’k)

Hence proved

(b)
Now we consider

- 22X
Ee*)=E( "

_ X Xy Xn
E(e*)=E[e n "]

_ KX, Xa
E(e*)=E[e "e ".......... e "]

As, X’s are independent

_ K X3 Xa

E(e*)=E[(e ")E( " ). E(e ")

e )=[[ElC ")

AS Lk
n
_ n _Xi
E€™)=]El ")
i=1
AS
1y .
El(e ") = E[e™"] ="
Ee™)=]]e"@-e™")
i=1
E(e—Y) _ e—nm(l—e’k)
E(e*)=e "
X .. : -m
Hence € * is biased estimator of €
Q.8:
Let X1,X2Xs,...Xn be a random sample from a Bernoulli variable “X” taking the value “1” with

T(T -1

is an unbiased

probability “#” and value “0” with probability “1-6”. Show that
estimator of 0. Where T =) X;

Solution:

As X = bernulli (&)

p (X = x)=[::(j " AL—)* X =0,1,2,3....
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2
o — T = — T
NnN(nNn —1)

Taking expectation on both side

T2 T

E(©) = El =51

E(O) — E(Tnz(?f_i(n ®
AS
T =>" X,
E(T) =2 E(X)
E(T)=nE(X))
E(T)=no In case of Bernoulli distribution E(X,) =6
Now

E(T?) =E[Y X

n n-1

ETH)=ED_ X7+ X X]

i %]
E(T?)=nE(X,)’ +n(n-DE(X;)E(X))
E(T?)=nE(X,)*+n(n-1)6.6
In case of Bernoulli distribution E(X,)* =8
E(T?) =né&+n(n—1) 6> Put the values in equation  (A)

nd+n(n-1)60°-ng

E(9) =
© n(n-1)
_ 2
E(d) = n(n-1)6
n(n-1)
E(9) = 6?
Hence Mis an unbised estimator of 6°
n(n-1)
Q.9

. . . . . . 2
Given a random sample of size ‘n’ from a population with mean ‘p’ and finite variance ‘ O

2, . . .
>.show that H Z (X—£4)° is an unbiased estimation of * &2 .

Solution :
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Let T:%Z(x—y)2

Applying expectation on both side
1 2

E(T) = El(x=n)]

ET) =T B0~ ) + (%= )" + (%= 20 ot (X, )]

E(T)= %[E(X1 — 1) +E(X, — 10)* + E(Xg — )% + .o + E(X, — 12)°]

Therefore E(x—u)=0"
E(T)=1[O'2+62+62+ .......... +0?]
n
02
ETM)=n—=0"
n
Hence lz (x — ££)? is an unbiased estimation of * & 2,
n
Q.10:
If X:& X, are the mean of independent variable of size n, & n, from a normal population

with mean p and variance o i . Show that ex_l + (l-G)X_2 is an unbiased estimator of .
Solution:

Let T=0X,+(1-0) X,

Applying expectation on both sides.

E(T) =E [0 X1+(1-0) X,]

E(T) = 0E(X1)+(1-0)E (X, )

E(T) = 6p+(1-0)p Therefor E(x, )= pt

E(T) = Op+p -6p

E(T)= u

Hence E)X_1 + (1-6)X_2 is an unbiased estimator of L.

Q.11:

Giventhat f(x,0)=————— X >0

a) Find the value of ‘¢’ such that dx=cx will be an wunbiased estimator of 0.

b)  Determine  for  dx=c X®where dx is an unbiased estimator  off.
Solution:
Let

dx =CX
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Applying expectation on both sides

E(dx) = CE(X)

E(X)= Txf(x)dx

E(X)= Txf(x)dx

As x~ Gamma(d)

0-1,-X

f(X):ﬁx e

E(X):jxxeliLede
0

o

ij‘ X Lo =X g (A)
0

o

As we know that gamma function is:

E(X) =

0

jaba::jxalexbdx ®)

0
Comparing (A) & (B) and we get

a=60+1 and b=1

E(X):%W:H

E(dx) = CE(X) As  E(dx)=6
6=Co
c=1

b)
Let

dx =cX?

dx =cX?

Apply expectation on both sides
E(dx) =cE(X)?

E(dx)=c T x> f (X)dx



M.Riaz Lecturer Statistics The Islamia University of Bahawalpur RYK Campus- 16

As  X-G(0)

X&—le—x

o

E(dx) = CI X’ dx
0

dx (A)
o )0
As we know that gamma function
Jap” = I x“ e Adx (B)
0
Comparing (A) & (B)

a=0+2 and p=1
Put in eq(A)

£ —c )6+2 B ©+10)0

T =C T =C(0+1)0
O =C(O+1e

1

C — — —
(@ +21)

Q.12

Let Xa) < X(SZ) < X(33) be the order statistic of size ‘3’ from the uniform distribution having
p.d.f f(x) :% 0< X <@ .Then show that 4X(‘°’1),2X(32),%X(33) are unbiased estimator

of @ . Also find their variance.
Solution:

The p .d .f of ith order statistics

g(y(i))= [F(yi)]iil[l_F(yi)]nii f(yi)

n!
(i-1)!(n-i)!
(i) 4X¢,

PUt i=1 ' n=3 , yi = Xi

g(Y(i)) = [F(Yi)]i_l[l_ F(yi)]n_i f (Yi)

n!
@i-1)I(n-i!

3

g(x(1)) = 0!_!2![F(X(1))]0[1_ F(X(1)]3_l f (X(l))

g(x(1)):3[1_|:(x(1)]2f(x(1)) (A)

As
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1
um=50<X<9

F(x) :_X[f(X)d(X) ==T 1d(X)

SR

X

F(x):%x

0

F(x):%

X @

F(Xl) = 0

) =7

Now Esqg. (B) becomes

XM 7T 1
g(x(i)):3|: _#} 5
3[. xXOT
g(x(i)):5|: _#}
Now

E[4X(1)]:_[4X(1)9(X(1))dx<1>

0 3( X(l)jz
El4X,|=4] —|1-—=| X, dX
[ (1)] ,([ ) 0 09w

B(a,b) =j Wa(1—w)  dw (B)

Put

X
wz% Xy—>0Then W——0

WO =Xy Xgy—0 Then W—1

dX ) = BIW

1
E[ax., =%j W6 (L-W oW
0

1

E[4X|=120] W** @-w ) dw ©
0

As we know that beta function of 1% kind

12 ¢ X )
E[4X(1)]:g_|. X(l)[ o dX (D)

0
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a=2 ,b=3

E|4X, |=1268(2,3)

E[4x(1,]:129ﬁ—§

-

(2-1)(3-1)!

E[ax,]=120 6D

121
E[4x(l)]:1291'_2' _ 249 _ 6
4! 24
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Comparing (C) & (D)

Jajh
Jasb

Therefore )n = (n—1)!

Therefore f(a,b) =

Hence proved 4X,, is an unbiased estimator of &

Variance
Var(4X )

0

Efax, f -| [4X ) Fa(X g)dX

0

0

Efax, f -| (4X o) Fa(X g)dX
0
0

X 2
el F =] o, } 3[1- %2 fox,

0

[ X 2
el P 9T o H 1= oy

0
Put

W:&

; Xy ——0

WO = Xy Xy —0

dX ) = BIW

E[4X(1)]2 2292

Efax, f = 4892j W LW dw

0
Comparing with beta function
a=3, b=3

E[ax, | =486%5(33)

Then W——0

Then W—01
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E[ax, :4892@ B(a.b) = J2)p
)6 Ja+b
: 3-1)1(3-1)!
E[4X, ] =48¢9% Jn = (n-1)

Var(4X )= E(X, f - [E(X )f

Var(4X(1)):§92 67

Var(4X )= (855J92 (2]@2

i) 2x},
Put i=2 s n=3 ’yi:Xi

Wén-m[w‘ﬂuh_ F(y 7 F(v)

g(y(i)):
9(X ) = [F(x(z))]“[l F(Xe [ F (X))

9(X )= 6[':(Xm I- F(X(Z)]l f(X)

As

f(x) = —O<X<49

1d(X)

SR

F(x) :_Tf(X)d(X ==T

X

F(x)=%x

0

F(x):%

X
F (Xz) = (;2)

f(x)=7

Now Esq. (B) becomes

X X |1
Xp)=6—2|1-—2]=
006) =8 "2 |- |2

(A)
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6| X X
X, )=2 1-2@
9(Xz) 9{ ) )

Now

E[ZX@)]:I 2X (59(X5)dX ;)

0
6(. XY Xe
E[2X, |=2 —[1—#14 X 10X (B)
J; o\ o )\ o
Put
— X(Z)
W= X o) ——0 Then W ——0
WO =X, Xp—0 Then W—1
dX ;) = W
12 |
E[zx(z,]=gjwwe (L-W )W
0
1
E[2X ) |=126[ W 1-w ) dw ©
0

As we know that beta function of 15%kind

f(a,b) =j Wa(1—w)  dw (D)
Comparing (C) & (D)
a=3 ,b= 2

E[2X ,, |=1268(3,2)

E[ZX(Z)]=129@ Therefore S(a,b) = E%
E )a+b

E[Z&leZ@% Therefore )n = (n—1)!
1121 2460

E[ZX(Z)]=126’T=W=9

Hence proved 2X,, is an unbiased estimator of ¢

Variance
Var(2X ;)

6

E[2X<2) ]2 = _[ (2X(2) )zg(x(z))dx(a

0
9

6( X X
El2x, [ = | (2x )E[%J[l—%}jxm

0
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Put
X(2)
W = 7 Xgp—0 Then W——0
Wo =X, X —>0 Then W—1
dX ;) = AW
24 ¢
E[2X,, [ = ] (v w)e-w)aw

0
E[2X, ! _24¢9j W) a-w ) dw

Comparing with beta function

E[2X, | =246%5(4,2)

b
E[2X, [ = 2467 TTT B(a, b):%
E[2X, :24923 Jn=(n-1y

6
elox, -8

Now
var(2X ) )= E(X o,  ~[E(X o, )}

Var(2X , )= gez 6?2
Var(ZX(z)):%HZ
i) %xg)

PUt |:3 y n:3 , yi = Xi

n! i-1 h-i
g(Y(i)):m[F(Yi)] [:L_F(Yi)] f(y)
g()((3)) - 2|30| [F(X(s))]s_l[l_ F(X(s) ]3_3 f(x(s))
9(X ) =3F (X [ f(Xq) »)
As

f(x)= —O<X<49
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X X
1
F(xX)=| f(X)d(X)==|=1d(X)
froosco=[3
F(x)=£X
0 0
X
F(X)=—
(x) 7
X
F(Xa): <
1
f(X3)=5
Now Esg. (B) becomes
X T
Xg)=3 -] =
9(X3) o | o
X T
X . y=3 2@ |+
9(X3) o | o
Now
4 4% 3(Xg Y ]
ng(S) :g_[ P X 50X
0
Put
X@
W = Xz —0
%
WO =X, X5 —0
dX, =W
4 ] 4% 3. v
E_§X(3)_=§£ = (W)’ ovedw
T L
B2 Xg =40[ W (L-W)*dw
L . 0

As we know that beta function of 1kind

B(a,b) = j Wt (1-w) dw
Comparing (C) & (D)

a=4 ,b=1

EE X (3)} = 40B(4,)

The Islamia University of Bahawalpur RYK Campus- 22

(B)

Then W——0

Then W—1

(D)
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£l 2 X, :49@
13 )5
E %x@ =6

Hence proved gX(S) IS an unbiased estimator of 4

Variance
4
Var(gx(s)j
4, T t(4, Y
E §X<3) :I (§X(3>j 9(X(9)dX 4
L J 0
4, T 4 (4, YV3(Xe)
®
E_gx(s)_ ZE[ (gxmj E(TJ dX 4
Put
X
W = X@—0
0
WO =X, X —0
dX o = AW
e 4 x _Z—Ej (6W)2§(W)26dw
137°@] 94 0
(4, T 16 ,¢
Bl X =07 W) L-w ) dw
L m 0

Comparing with beta function

a=b , b=1

(4, T 16
E_gx(s)_ :?02,3(5’1)
4, T 16,,)51
E §X(3) 239 I
3] )6
(4, 1" 16,1

E| =Xy | ==60°=
379 375

- 2

E ﬂx(s) _p2 10
1379 15

The Islamia University of Bahawalpur RYK Campus- 23

Jajb
Jarb

Therefore f(a,b) =

Then W——0

Then W—1
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4 4 2 4 ?
v )20 [e{x,

Var(ﬂ X(3)j _10p2 42
15

Var(ﬂ X (3)j _ Ly
3 15

Q.13:

Let x,and X, be the tow independent unbiased statistical of the &. The variance of ““ X, twice of
“x,7. If y =k X +K,X, is also unbiased estimator of &.find the value of k,and k,.For smallest

variance of “y”.
Solution:

As

y =kx +K,X,

Applying expectation on b.s
E(y) =E(kX +k,X,)

E(Y) =kE(x) +KE(x,)

E(y) =k, 6+k,0 ~E(x)=46
E(x,) =86

0 =0k, +k,)
(k, +k,) =1

(kp) =1-k, (i)
Now

y= k1X1 + kzxz
Taking variance on b.s

var( y) = var( klxl + k2 Xz)

var(y) = k. var(x,) +k,” var(x,) sovar(x) = 2v
var(x,) =V

var(y) =k’ 2v+k,’ v

var(y) = k,” 2v+v(1—k,)?
var(y) =k 2v+v(l+k* - 2k,)
var(y) = k,” 2v+v+vk’ —2vk,

var(y) = k,” 3v+v - 2vk
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To minimize the function partially differentiate w.r.t to k; and equating to zero.

ov(y) 0 2
—2L = (k"3v+v-2v
S =l I rv-2vk)
0=6vk +0-2v
0=2v(3k, -1
0=(3k, -1
1
3k, =1 k, ==
1 1 3
k, =1-k,
1
k,=1-=
? 3
2
k, ==
23
Q.14:

If s? isan unbiased estimator of o2 then show that ‘s’ is a biased estimator of ‘o *.

Solution:

It is given that
E(s’)=0"

Var(s) >0

E(s)’ - (E(s)) 20
E(s) = (E(s))

o’ 2(E(s))
o>E(s)

3

Hence Proved that ‘s’ is a biased estimator of ‘o ‘.
Q.15:

If X,,X,,... X, be a random a sample of normal population with mean’ u’ and variance’ 1°.

sz
Then show that T = Z L is an unbiased estimator of z*+1.

n
Solution:
2
T= 2 X
n

Applying expectation on both sides

E(T):E[zx‘z]

n
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(- e

var(X)=E(X?)—(E(X))® Therefore E(X)=x Var(X)=1
1=E(X*) -4’
E(X?) =1+ 1?

E(T)=1+4°

X?. : :
Hence T = Z L is an unbiased estimator of 1+ 2.
n

Q.16

A random variable “x” is a uniformly distribution over the range 0<x<oa  where “a” is the
unknown parameter of sample of “n” independent observaion are arranged in increasing order of

magnitude as X1"< X2............. Xn" .

Drive sampling distribution of x" the r™ order statistic and verify that.

E(X,)= o and Var(X,) = a’t {n+1—r}
(n+1) (n+1)| (n+2)

a) Asshown that X is a biased estimator of a. But bias tends to zero as n~ oo .
b) for “n” is odd both the sample mean and sample median are un baised estimator of 23

and the ratio of their variance %

Solution:

As we know that pdf of rth order statistics

n[F(X)] " L-F(X,)
(r=D!(n-r)!

o(X,) = " fx)

F(X)=1 0<X <o
(04
1
f(X,)==0<X, <o
a

F(X):.X[f(x)dx

X

F(X):jf(x)dx

o

dx=é
o

F(X)=|

R |+
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F(X,)= 2
(04

r-1 n-r
] ]
a a i

(r=)'(n—-r)! a

g(X,)=

E(X,) = [ X,9(X, )X

T
L. N 1-
E(X,) =[x, L2 al L

(r=)'(n—r)! a X

0

E(X,) =for{xf] {1— Xr}nrldx
(r=n'(n-r)ty a a a

r Limits

X, =aW X, >aThen W -1

dX, =adW X, >0Then W -0

1

n! r-1 n—rl
:mlaw[w] [L-w] ~adW

E(X,)

1
J‘W r+1-1 [1 W ]n—r+l—l dw

0

on!

E(X)= (r—l)!(r-1—r)!

Comparing with beta function of 1% kind
1

B (ab) = [wLl-w]*dw
0

a=r+1 b=n-r+1

onl

E(X0)= (r—1!(n—r)!

Li(r+ln—r+1)

oenlri(n—r)!

E(X,)=
(r=D'(n-r)(n+1)!

E(X.)= ontr!
T (r=1(n+1)!
E(X )= onlr(r —-1)!
T (r=D)(n+Dn!

. ar
(n+1)

E(X,)

E(X,)’ :szrg(xr)dx
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{2 s
2 _a , |« a l
E(Xf)‘le r-!n-r)! «

, B n! a , Xr r-1 _Xr r‘I—I’1
E(Xr)_(r—l)!(n—r)!-[x{a} {1 a} adx

0

r Limits

=aW X, >aThen W -1

dX, = adW X, —>0Then W —0

@y W] fwl L aow
(24

2 n!
E(X)= (r=!(n—r)!s

2 1
anl J‘W re2-1 [1—W ]n—r+1—1 dw

E(X)= r-1!(n-nH

Comparing with beta function of 1% kind

B.(a,b) = jw -w] dw

a=r+2 b=n-r+1
o anl B
E(Xr)_—(r—l)!(n—r)!ﬁl(HZ’n r+1)
E(X2) = a’ni(r +)I(n—r)!
T r=Di(n-r)I(n+2)!
E(X2) = a’nl(r+Dr(r-1!
" r=)!(n+2)(n+n!
E(X?) = a’(r+r
" (n+2)(n+1)
~ ~ N @’ (r+Dr | ar i
Var(Xr)—E(Xr) [E(Xr)] _(n+2)(n+1) |:(n+1):|
Var(X,) = a’r _(r+l)_ d
o+ (n+2) (n+1)
Var(x )= %7 [(r+D(n+1D)-r(n+2) ]
7 (n+1)| (n+2)
Var(X.) = a’r [nar+r+n+1—rm-2r|
T (n+D| (n+2)

Var(X.) = a’r {n+1—r}
Y (n+D| (n+2)
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N
E () = g O

Hence X is a biased estimator of « .
a(n+1-1) _ a(n +1)_ a

E(X,)=
n+1 n+1 n+1
Asn — oothen
EX)=a-lmt %
n+1
EX,)=a-0
EX,)=a

Hence proved Whenn — oo then baised — 0

i)
As we know that
E(X,)=-2"
n+1
If ‘n’ is odd no we may replace n=2v+1  where v=0,1,2

Median :@th value

2v+1+1)

Median = ( th value

Median = (v+1)th value

So,
a(v+1
E (X, ) = 2D
2v+1+1
(04
E(Xmed)zz
Now

_ X
E(X)=E(ZT)=§E(X)=E(X)

E (X)) = _[xf (x)dx

E(X):ij‘xdx
ao
Za
ECO — X
0520
1 «&?
E () = —
(@29 P
o
E(X)=%
(x)=2
— (@4
E(x)=<&
() =

Hence sampling distribution of Median and sampling of mean both are unbiased estimators of
(@4

2
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a’r(n—r+1)

Var (X,) = 5
(n+D)°(n+2)

Put r=v+1 & n=2v+1
a’(V+1)(2v+1-v-1+1)

Var (X, ) = 5
(2v+1+1)°(2v+1+2)
2
Var (X)) = a (v2+1)(v+1)
4(v+1)°(2v+1+2)
2
Var (erd):a—
4(2v+3)
2
Var (X)) = = Sn=2v+1
4(n+2)
()(2
Var (X, q) =
4(n+2)
And

Var(x) :Var(%
E(X?) = sz f (X)dX

)= Dv(0 = 2v(x)
n n

E(X?) ==

12
a 3
a

E(X?)= ?2

Var(x)=E(x*)-(E(x))?
a’ a.,

Var(X) = ?_(E)

2
(04

(04
Var(X) = ——(=)?
(X) 3 (2)
2
a
Var(X)=—
(X) P
N az
Var(X)=—
(X) 12n
And
. a
Ratio = v(x) _ 122n
V(Xmed) a
4(n+2)
Rati0:4(n+2):n+2
12n 3n
Proved
Q.17:

Show that (estimator) in a normal distribution with mean zero and standard deviation o then

], Lo

T, = and T, = both are unbiased estimator of & .
n+1 n

2 2

Solution:

AS
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Taking expectation on both sides

Rl

n+1

E(T)=E

T

n
E 1 ) |2
E(T,) = - E[Ein}

n
ETy)=| L2 - ET e[S x2]

As we know that

Zr? _ i (Xi —2,u)2

oty = (X, ) 4=0
i=1

e %7} =l 22} = e[ ]

E[fo]% = GE[ﬂcf]% = T[zz]% f(xa)dz,

f(xe)=

E[Y x? b = oE[y2) = GT [ (2 fe 2 dy
0 n 22
2
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e[S X2 = o171 =0 I[Z] (z2) e Zzndzf
N5
2

n+1 Zn

T;(nz e 2dy,
0

e[S %7 = o[22 = o

NS

—2
2

Comparing with gamma function and we get

2) 3000 =) LK
e

f

E(T,) = 2 al n+l_
n+lioan /o2

BIA

Hence T, is an unbiased estimator of o

Similarly
1
1 - [2\n-1
=X =-X)? | ) —=
DA
T, =
n
2

Taking expectation on both sides

1 7\ 2 % n_l
R E
E(T,)=E

n
2
L_J- 1
BT =12 [12(><—><) }
3
n-1 .
E(T,) =" HZE[Z(X X)]
2

As we know that
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n

Uzlnz—l = Z(Xi -

E[S (X - %) = B(e?22.)? = o2,

E[Z(X X)T O'E[Zn 1T:T[Z 1Tf(l§—l)dl§—l

2y _ 1 > Y5 .
f(ln—l)_ L_:LGT& (;(n—l)2 e ?
2
o0 F ot F=oflriad ot ) e o,
>22 2
E> (X - X)Z]% - OE[)(L]% -1 T(z 1)n 2t dyr
L_127 0
2
E[Z(X - )?)2]% = OE[Zﬁ_l]% = = J-(lrf—l)g_ € anld}(n -1
L_lzT 0
2

Comparing with gamma function and we get

> (x -xyf =[y2f ot
il

n;l
Er) =L 2 T T T
E(T,)=0c

Hence T, is an unbiased estimator of o

Q.18

If X1, X2

2"

, Xn from a population with mean “M” and variance “ &

........

K Campus- 33

and the correlation

coefficient between any two observation is p. If T=h) X?+k(D_X;)*> where ‘h’and k’

are unknown constant and ‘T’ is an unbiased estimate of “ o » Then show that

2 (X=X)?

(1-p)(n-1)

T=
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Solution:

Let

T=h) X7 +k(Q_X,)? (A)
Applying expectation on both sides

E[T1=E[)_XZ+k(_X)%

E[T1=hEQ_X?)+KEQ X))

n(n-1) n(n-1)

E[T]= hi E(xf)+kE[Zn: X2+ D XX,

ET]=nhE(X %) +k[nE(X2)+n(n—1E(X,X )]

E[T]=nhE(X,?)+|nkE(X?) +nk(n-1)E(X, X )] (B)
Side note:
V(xi)= E(x*)-(E(x))?
E(x)=M E(x,)=M
5% =E(x?)-M?
E(x?) =562+ M?

Cov (xi, Xj) =E(xi X)-E(xi) E(X)
Cov (i, Xj) =E(xi x;)- M?

cov(X;, X;)

- B0, V() Vo)

cov(X;, X;)
:T

Cov(xi x)=0 P

52'0:E(Xi Xj) - M2

E(X;X;)=M?+5%p
Put in equation ( B)

E(T) =nh(62 + M?2) + k(52 + M2) +kn(n-1)(8%p+ M?)

E(T) =nhs? +nhM? +nks? +nkM? +kn(n—1)6° p+nk(n—1)M?
E(T) =nhs* +nhM ? +nks? + nkM? +kn’6% p —nké? p +n°kM? —nkM?

E(T) = (nh&?® +nko? +kn?*5° p—nkd? p) +n’kM? +nhM 2

As ‘T’ is an unbiased estimator of & if and only if
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n°’kM?+nhM? =0 (i)
S5%(nh+nk +kn®p—nkp) = 5°

nh+nk +kn’p—nkp =1 (i)

Now
n’kM? +nhM? =0
nM?(nk +h)=0
nk+h=0
h=—nk
n(=nk) +nk +kn’p—nkp =1
—n’k+nk +kn’p—nkp =1
nk(-n+1-np—p)=1
nk[-1(n-1)+ p(n-1)] =1

nk[(p-D(n-1)] =1

K= n-1)(p-1)
Now
h=-nk

= Yo

h=" (n-12-p)
= 7n-10-p)
Again

h=-nk

Hn-na-p)="%
Hhn-na-p) =K

K= n-1a-p)

Now
T=hY X7 +k(Q_X,)?
T=> X} L -1 O X)?

(n—DA-p)  n(n-D(-p)
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: Z(Xi_y)

T= -
(n-Dd-p)

As required result

Prepared by: Muhammad Riaz
Lecturer: Statistics
The Islamia University Bahawalpur
Sub Campus
RYK



