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Statistical inference-I 

Statistical inference 

The process of drawing inferences about population on the basis of sample information that 

contain the population is called statistical inference. 

It has two types 

i) Estimation of parameter  ii) Testing of hypothesis 

Estimation of parameter 

Estimation is a procedure to estimate unknown value of population parameter on the basis of 

sample information. 

 It has two types 

i) Point estimation   ii) Interval estimation 

Point estimation 

The procedure to obtain a single unknown value of population parameter on the basis of sample 

information by using an estimator is called point estimation.  

Point estimate/estimate 

A single numerical value calculated from the sample data by using an estimator is called an 

estimate or point estimate. For example if we have 5, 10,15,20,25. Then 15
5

75
===


n

X
X . 

Here 15 is a point estimate or estimate and 
n

X
 is estimator. 

Interval estimation 

The procedure to obtain an interval, on the belief that it will include the parameter   with a 

known probability is called interval estimation. 

Interval estimate 

An interval, calculated on the belief that it will include the parameter   with a known probability 

is called interval estimate. The confidence interval for   with probability )1( − is given by 

10)1()( −=  ForULP  

Where “L” represents lower limit and “U” represent upper limit. 

Define estimator 

A formula/rule used to estimate the unknown value of population parameter on the basis of 

sample information is called estimate or estimator. Foe example 
n

X
X


=  here 

n

X
 is 

estimator. 

What is meant by interval, confidence interval and confidence coefficient? 

Interval: The range of values is called interval 

Confidence interval: )1( −  or )%1(100 − probability is associated with an interval that will 

contain the population parameter. 
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Confidence coefficient: An interval to which )%1(100 − probability is associated that will 

contain the population parameter 

How the width of confidence interval can be decreased? 

 The width of confidence interval can be decreased 

i) By increasing the sample size 

ii) Decreasing confidence coefficient (level of confidence)  

If sample size is increased, what will be the change in confidence interval? 

 If sample size is increased, the width of confidence interval is decreased. 

What will be the effect on a confidence interval if the level of confidence decreases? 

 The width of confidence interval decreases if the level of confidence decreases. 

Differentiate between estimation, estimate and estimator? 

Ans: In statistical inferences, estimation is a process; estimator is the formula and estimates the 

numerical value. 

Differentiate between statistic, estimate and estimator? 

Estimator is the formula and estimates the numerical value and statistic is a function of random 

variable being measured. 

Why we construct confidence interval? 

 Since the point estimates may or may not be representative of the corresponding parameter, its 

reliability is doubtful. In order to increase reliability, we prefer interval estimation. Hence 

interval estimation is much more reliable then point estimation. The point estimate is used to 

obtain an interval estimate. 

Define confidence limits. 

 The two endpoints of a confidence interval are called confidence limits.  

Such as 10)1()( −=  ForULP  

Where “L” represents lower limit and “U” represent upper limit. 

What is error of estimation? 

The distance between estimate and the estimated parameter is called error of estimation.  

Define degree of freedom 

Degree of freedom is the number of values that are free to vary after we have placed certain 

restrictions upon the data. 

Properties of good estimator 

The properties of good point estimator are given below  

i) Unbiasedness ii) Consistency iii) Sufficiency iv) Efficiency 

v) UMVUE (Uniform minimum variance unbiased estimator)  vi) Completeness 

vii) Invariance 

If these properties satisfy then we say it is good point estimator 
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Property-I     Unbiased Estimator 

Unbiased estimator 

An estimator ̂  is said to be unbiased estimator of   if and only if  =)ˆ(E  otherwise biased 

estimator  )ˆ(E  

i) If  =)ˆ(E   it is unbiased estimator  

ii)  )ˆ(E      it is biased  

iii)  )ˆ(E   it is positively biased  

iv)  )ˆ(E     it is negatively biased  

This property is known as unbiasedness  

Define unbiasedness 

The property of an estimator being free from bias is called unbiasedness. 

Differentiate between biased estimate and unbiased estimate? 

An estimator is said to be unbiased if the mean of sampling distribution of the statistic is equal to 

its parameter. =)(XE  Otherwise it is biased )(XE  

Q. 1: 

If ‘T’ is an unbiased estimator of '' then show that '' 2T is a biased estimator of '' 2 . 

Solution: 

 It is given that 

=)(TE  

As we know that 

0)( TVar  

0)]([ 2 − TETE  

0)]([)( 22 − TETE  

0)( 22 −TE  

22 )( TE  

Hence '' 2T is a biased estimator of '' 2 . 

Q.2:  

If ‘T’ is an unbiased estimator of '' then show that '' 2T is a unbiased estimator of '' 2 . 

Solution: 

 It is given that 

=)(TE  

As we know that 

0)( =TVar  
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0)]([ 2 =− TETE  

0)]([)( 22 =− TETE  

0)( 22 =−TE  

22 )( =TE  

Hence '' 2T is a unbiased estimator of '' 2 . 

Q. 3: Statement:  suppose that X1, X2, X3, …,Xn be a random sample from a normal population 

distribution with zero mean and variance '' 2   . Then show that 
n

X i
2

is an unbiased estimator 

of '' 2  with variance
n

42
. 

Solution: 

    It gives that 

),0( 2NX i   

We know that 

2

1

2

)(

222

 
=








 −
=

n

i

niii

X
ZZX




  

    Where“n”   is degree of freedom And we have μ=0 then 


=

=
−n

i

n
iX

1

2

)(2

2)0(



 


=

=
n

i

n
iX

1

2

)(2

2




 


=

=
n

i

niX
1

2

)(

22   

Dividing both sides by ‘n’ 

nn

X
n

n

i

i 2

)(

2

1

2


=


=          (A) 

For mean 

Applying expectation on both sides of equation (A) 









=



















= 2

)(

2

1

2

n

n

i

i

n
E

n

X

E 


 

 2

)(

2

1

2

n

n

i

i

E
nn

X

E 


=



















=  
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n
nn

X

E

n

i

i 2

1

2


=



















=  

21

2

=



















=

n

X

E

n

i

i

 

Hence 
n

X i
2

 is an unbiased estimator of 2 . 

FOR VARIANCE 

Applying variance on both sides of equation (A) 

 









=



















= 2

)(

2

1

2

varvar n

n

i

i

nn

X




 

 2

)(2

4

1

2

var n

n

i

i

nn

X

E 


=



















=  

n
nn

X

E

n

i

i

2
2

4

1

2


=



















=  

nn

X

E

n

i

i 4

1

2

2
=



















=  

Hence
n

X i
2

 is an unbiased estimator of 2 with variance
n

42
. 

Q.4: 

Show that sample mean   X     is an unbiased estimator of Population mean μ and    

n

xx
S

 −
=

2

2
)(

 is biased Estimator of populationVariance   2 but
n

xx
S

 −
=

2

2
)(

                     

is an unbiased estimator of population variance  2  . 

Solution: 

a) 

Let by definition 

2
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n

X
X

i
=  

Applying expectation on both sides  

n

XXXE
XE n ].......[

)( 21 +++
=  

n

XEXEXE
XE n )(.......)()(

)( 21 +++
=  

n
XE

 +++
=

.......
)(      Where =)(XE  

=)(XE  

Hence   X    is an unbiased estimator   . 

b) As we know that 

n

XX
S

 −
=

2

2
)(

 

)(2  −= XXnS  

Adding and subtracting ‘μ’ inside bracket  

( )22  −+−= XXnS i   

 
2

2 )()( −−−=
n

i XXnS   

  −−−−+−=
n

ii XXXXnS ))((2)()( 222   

( )  −−−−+−=
n

i

nn

i XXXXnS )()(2)( 222   

 Where )()(  −=−=−=−  XnnXnnXX
n

i

n

i  

( ) )()(2)( 222  −−−−+−= XnXXnXnS
n

i  

( ) 2222 )(2)(  −−−+−= XnXnXnS
n

i  

( ) 222 )(  −−−= XnXnS
n

i  

Applying expectation on both sides 

( ) 222 )()(  −−−= XnEXESnE
n

i  

)var()( 22 XnnSnE −=   
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    Where 22)(  =−iXE  

n
nnSnE

2
22 )(


 −=  

)1()( 22 −= nSnE   

)1()(
2

2 −= n
n

SE


 

Hence   2S is a biased estimator of 2 . 

(C) 

As we know that 

1

)( 2

2

−

−
=


n

XX
s  

)()1( 2  −=− XXsn  

Adding and subtracting ‘μ’ inside bracket  

( )22)1(  −+−=− XXsn i   

 
2

2 )()()1(  −−−=−
n

i XXsn   

  −−−−+−=−
n

ii XXXXsn ))((2)()()1( 222   

( )  −−−−+−=−
n

i

nn

i XXXXsn )()(2)()1( 222   

 Where )()(  −=−=−=−  XnnXnnXX
n

i

n

i  

( ) )()(2)()1( 222  −−−−+−=−  XnXXnXsn
n

i  

( ) 2222 )(2)()1(  −−−+−=−  XnXnXsn
n

i  

( ) 222 )()1(  −−−=−  XnXsn
n

i  

Applying expectation on both sides 

( ) 222 )()()1(  −−−=−  XnEXEsEn
n

i  

)var()()1( 22 XnnsEn −=−   

    Where 22)(  =−iXE  
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n
nnsEn

2
22 )()1(


 −=−  

)1()()1( 22 −=− nsEn   

22 )( =sE  

Hence  2s is a unbiased estimator of 2 . 

Q.5: 

Let  nXXXX ...,, 321  be a random sample of size 3 from a normal population with mean   and (

2 ) 321 ,, TTT  are the estimators defined as 

3211 XXXT −+=  

3212 432 XXXT −+=  

3

321
3

XXX
T

++
=


 

Show that 

a) 1T  and 2T  are unbiased estimator of   

b)           Find the value of   such that ‘ 3T ’ is an unbiased estimator of   

c)           Which one are the best estimators. 

Solution: 

a) Let 

3211 XXXT −+=
 

Applying expectation on both side 

)()( 3211 XXXETE −+=  

)()()()( 3211 XEXEXETE −+=  

 −+=)( 1TE  

=)( 1TE  

Hence 3211 XXXT −+=  is an unbiased estimator of   

(ii) 

3212 432 XXXT −+=
 

Applying expectation on both sides 

)(4)(3)(2)( 3212 XEXEXETE −+=  

 432)( 2 −+=TE  

=)( 2TE  

Hence 3212 432 XXXT −+=  is an unbiased estimator of   
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b)  

To find value of  

As             

3

321
3

XXX
T

++
=


 

32133 XXXT ++=   

Applying expectation on both sides 

)()()()(3 3213 XEXEXETE ++=   

)()()()(3 3213 XEXEXETE ++=   

 ++=3  

 23 +=  

 =  

1=  

 So         
3

321
3

XXX
T

++
=  

c) Variances  

3211 XXXT −+=
 

Appling variance on both sides 

)()()()( 3211 XVarXVarXVarTVar −+=  

222

1)(  ++=TVar  

2

1 3)( =TVar  

Similarly 

ii) 3212 432 XXXT −+=  

Appling variance on both sides 

)(16)(9)(4)( 3212 XVarXVarXVarTVar −+=  

222

2 1694)(  ++=TVar  

2

2 29)( =TVar  

iii) 

3

321
3

XXX
T

++
=  

Applying variance on both sides 

9

)()()(
)( 321

3

XVarXVarXVar
TVar

++
=  
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9
)(

222

3

 ++
=TVar  

9

3
)(

2

3


=TVar  

3
)(

2

3


=TVar  

The relation exist 

)()()( 312 TVarTVarTVar   

So   3T   are the best estimators 

Q.6:  

Let     nXXX ..., 21    be a random sample size ‘n’ observation and    nYYY ..., 21   be a random 

sample of size ‘m’ observation then show that 
mn

YmXn
X p

+

+
= and 

2

)1()1( 22

2

−+

−+−
=

mn

smsn
S

yx

p  

Are unbiased estimators of           and  2 respectively. 

Solution: 

It is given that        

mn

YmXn
X p

+

+
=  

Applying expectation on both sides   










+

+
=

mn

YmXn
EXE p )(   

1

)(
,

2
2

−

−
=


=

n

XX
S

n

X
X x

1

)(
,

2
2

−

−
=


=

m

YY
S

m

Y
Y y  

mn

YmEXnE
X p

+

+
=     == )()( YEandXE  

)(

)(

mn

mn

mn

mn
X p

+

+
=

+

+
=


 

=)( PXE Hence  
mn

YmXn
X p

+

+
= is an unbiased estimator of       . 

Now 

2

)1()1( 22

2

−+

−+−
=

mn

smsn
S

yx

p  

Appling expectation on both sides         













−+

−+−
=

2

)1()1(
)(

22

2

mn

SmSn
ESE

yx

p  













−+

−+−
=

2

)()1()()1(
)(

22

2

mn

SEmSEn
SE

yx

p  
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2

)()1()()1(
)(

22

2

−+

−+−
=

mn

SEmSEn
SE

yx

p  

2

)1()1(

2

)()1()()1(
)(

2222

2

−+

−+−
=

−+

−+−
=

mn

mn

mn

SEmSEn
SE

yx

p


 

2

)11(
)(

2
2

−+

−+−
=

mn

mn
SE p


 

22 )( =pSE  

Hence    
2

)1()1( 22

2

−+

−+−
=

mn

smsn
S

yx

p  it is an unbiased estimator of 2 .  

Q.7 

(a) If ‘x’ is a passion random variable then show that 
)1()(

kemkx eeE
−−−− =  

(b)Show that   if X the mean of ‘n’ passion variates an independent random ’m’ then show that  

Xe−
  is biased estimator of

me−
. 

Solution: 

(a) 

As     );( mxPX   

!
)(

x

me
xXP

xm−

==
  

= ,......,3,2,1,0X  

As     

)()(
0

XPeeE
x

kxkx 


=

−− =  

!
)(

0 x

me
eeE

xm

x

kxkx
−

=

−− =  




=

−
−− =

0 !
)(

x

xkx
mkx

x

me
eeE  









=

−
−−

!

)(
)(

x

me
eeE

xk
mkx

 









+++=

−−−
−− ...............

!2

)(

!1

)(

!0

)(
)(

210 mememe
eeE

kkk
mkx

 









+++=

−−
−− ...............

2

)(

1

)(
1)(

2meme
eeE

kk
mkx

 

       Therefore 







+++= ...............

!2!1
1

e  

kmemkx eeeE
−−− =)(  
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kmemkx eeE
−+−− =)(  

)1()(
kemkx eeE

−−−− =  

Hence proved 

(b) 

Now we consider 

)()( n

X

X eEeE


=
−

−  

][)(
.............21

n

X

n

X

n

X

X
n

eEeE
−−−−

− =  

]...........[)(
21

n

X

n

X

n

X

X
n

eeeEeE
−−−

− =  

         As, X’s are  independent 

)(..).........()[()(
21

n

X

n

X

n

X

X
n

eEeEeEeE
−−−

− =  

)[()(
1

n

Xn

i

X
i

eEeE
−

=

−

=   

     AS k
n
=

1
 

)[()(
1

n

Xn

i

X
i

eEeE
−

=

−

=  

AS  

)1(

1

][)[(
ki emkm

X
n eeEeE

−−−−
−

==  

    


=

−−− −=
n

i

kmX eeeE
1

)1()(  

)1()(
kenmX eeE

−−−− =  

mX eeE −− )(  

Hence 
Xe−

 is biased estimator of 
me −

 

Q.8:  

Let X1,X2X3,…Xn be a random sample from a Bernoulli variable “X” taking the value “1” with 

probability “ ” and value “0” with probability “1- ”. Show that 
)1(

)1(

−

−

nn

TT
is an unbiased 

estimator of 
2 . Where = iXT  

Solution:   

)(bernulliXAs 

....3,2,1,0)1(
1

)( 1 =−







== − X

x
xXp xx   
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)1(
ˆ

2

−

−
=

nn

TT
  

Taking expectation on both side  

]
)1(

[)ˆ(
2

−

−
=

nn

TT
EE   

)1(

)()(
)ˆ(

2

−

−
=

nn

TETE
E                                                       (A) 

AS 

= iXT  

= )()( iXETE  

)()( iXEnTE =  

nTE =)(      In case of Bernoulli distribution =)( iXE  

        Now 

 = 22 ][)( XETE  

 
−



+=
n

i

n

j

jii XXXETE
1

22 ][)(  

 )()()1()()( 22

jii XEXEnnXnETE −+=  

 .)1()()( 22 −+= nnXnETE i   

In case of Bernoulli distribution =2)( iXE  

22 )1()(  −+= nnnTE Put the values in equation      (A) 

)1(

)1(
)ˆ(

2

−

−−+
=

nn

nnnn
E


  

)1(

)1(
)ˆ(

2

−

−
=

nn

nn
E


  

2)ˆ(  =E  

2

)1(

)1(
ofestimatorunbisedanis

nn

TT
Hence

−

−
 

Q. 9: 

Given a random sample of size ‘n’ from a population with mean ‘µ’ and finite variance ‘
2

’.show that  − 2)(
1

x
n

is an unbiased estimation of ‘ 2 . 

Solution : 
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 Let                  
2

)(
1
 −= x

n
T  

Applying expectation on both side 

])[(
1

)( 2−= xE
n

TE  

])(......)()()[(
1

)( 22

3

2

2

2

1  −++−+−+−= nxxxxE
n

TE

])(......)()()([
1

)( 22

3

2

2

2

1  −++−+−+−= nxExExExE
n

TE  

       Therefore   2)(  =−xE  

]..........[
1

)( 2222  ++++=
n

TE  

2
2

)( 


==
n

nTE  

Hence  − 2)(
1

x
n

is an unbiased estimation of ‘
2 .  

Q.10:                         

 If 1X & 2X  are the mean of independent variable of size n 1 & n 2 from a normal        population 

with mean µ and variance σ
2

. Show that  θ 1X + (1-θ) 2X  is an unbiased estimator of µ. 

Solution: 

Let     T= θ 1X +(1-θ) 2X  

 Applying expectation on both sides.  

E(T) =E [θ 1X +(1-θ) ]2X  

E(T) = θE( 1X )+(1-θ)E ( 2X ) 

E(T)  = θµ+(1-θ)µ                               Therefor E( 1x )= µ 

E(T) = θµ+µ -θµ 

E(T) =   µ                  

Hence θ 1X + (1-θ) 2X  is an unbiased estimator of µ. 

Q.11: 

Given that 0),(
1

=
−−

X
eX

xf
X






 

a) Find the value of ‘c’ such that dx=cx will be an unbiased estimator of 𝜃. 

b) Determine for dx=c
2x where dx is an unbiased estimator of𝜃. 

Solution: 

Let  

CXdx =  
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Applying expectation on both sides  

)()( XCEdxE =  




−

= dxxxfXE )()(  




−

= dxxxfXE )()(  

As x  Gamma( ) 

f(x) = 
xex −−11 


 




−−=
0

1 1
)( dxeXXXE x




 




−−+=
0

111
)( dxeXXE x


                    (A) 

As we know that gamma function is: 




−
−=

0

1 dxexba b
x

aa

        (B) 

Comparing (A) & (B) and we get 

11 =+= banda 
 




=+= 1
1

)(XE

 

)()( XCEdxE =    As  =)(dxE  

 C=  

1=C  

b)     

Let 

2cXdx =  

2cXdx =  

Apply expectation on both sides 

2)()( XcEdxE =  




−

= dxxfxcdxE )()( 2  
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  As X→G(𝜽) 


 −−

=
0

1
2)( dx

ex
xcdxE

x





 


 −−+

=
0

12

)( dx
ex

cdxE
x





        (A) 

As we know that gamma function 


 −

−=
0

1 dxex

x

          (B) 

Comparing (A) & (B) 

2+=  and 1=  

  Put in eq(A) 









)1(

)1(2
)( +=

+
=

+
= CCcdxE  

 )1( += C  

)1(

1

+
=


C  

Q.12 

Let                                     be the order statistic of size ‘3’ from the uniform  distribution having 

p. d .f  


1
)( =xf   X0   . Then  show  that   3

)3(

3

)2(

3

)1(
3

4
,2,4 XXX are unbiased  estimator 

of    . Also find their variance. 

Solution: 

The p .d .f of  ith order statistics 

    )((1)(
i)!-(n 1)!-(i

!
)( )

1

)( i

in

i

i

ii yfyFyF
n

yg
−−

−=  

(i) 3

)1(4X  

 Put     i=1   ,     n=3   , ii xy =  

    )((1)(
i)!-(n 1)!-(i

!
)( )

1

)( i

in

i

i

ii yfyFyF
n

yg
−−

−=  

    )((1)(
2! 0!

!3
)( )1(

13

)1(

0

)1()1( XfXFXFXg
−

−=   

  )((13)( )1(

2

)1()1( XfXFXg −=        (A) 

As 

3

)3(

3

)2(

3

)1( XXX 
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

1
)( =xf  X0  

 ===

XX

XdXdXfxF
00

)(1
1

)()()(


 

x

XxF
0

1
)(


=  



X
xF =)(  



)1(

1)(
X

xF =  



1
)( 1 =xf  

Now Esq. (B) becomes 



1)1(
13)(

2

)( 







−=

X
Xg i  

2

)(

)1(
1

3
)( 








−=



X
Xg i   

Now      

  = )1()1()1()1( )(44 dXXgXXE  

  )1()1(

2

)1(

0

)1( 1
3

44 dXX
X

XE 







−=  



  

( ) dWwWba
ba 11

1

0

1),(
−− −=        (B) 

Put                                                                     



)1(X
W =  0)1( ⎯→⎯X Then   0⎯→⎯W  

)1(XW = ⎯→⎯)1(X  Then    1⎯→⎯W  

dWdX =)1(  

  ( ) dWWWXE 


2
1

0

)1( 1
12

4 −=   

  ( ) dWWWXE
1312

1

0

)1( 1124
−− −=      ©   

As we know that beta function of 1st  kind 

  )1(

2

)1(

)1(

0

)1( 1
12

4 dX
X

XXE 







−=  



   (D) 
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 Comparing  (C) & (D)  

     a=2  , b=  3 

  )3,2(124 )1( =XE  

 
5

32
124 )1( =XE   Therefore 

ba

ba
ba

+
=),(  

 
!)15(

1)!-(3!)12(
124 )1(

−

−
= XE   Therefore !)1( −= nn  

  


 ===
24

24 

!4

2! 1!
124 )1(XE   

Hence proved )1(4X  is an unbiased estimator of   

Variance  

( )
)1(4XVar  

  ( ) )1()1(

2

)1(

0

2

)1( )(44 dXXgXXE =


 

  ( ) )1()1(

2

)1(

0

2

)1( )(44 dXXgXXE =


 

  ( )
)1(

2

)1(2

)1(

0

2

)1( 1
3

44 dX
X

XXE 







−=  



 

  ( )
)1(

2

)1(2

)1(

0

2

)1( 1
48

4 dX
X

XXE 







−=  



 

Put 



)1(X
W =  0)1( ⎯→⎯X               Then   0⎯→⎯W  

)1(XW = ⎯→⎯)1(X                   Then    1⎯→⎯W  

dWdX =)1(  

  22

)1(
5

8
4 =XE  

  ( ) WdWWXE
1313

1

0

22

)1( 1484
−− −=   

Comparing  with  beta function  

  a=3  ,   b= 3  

  ( )3,3484 22

)1( =XE  
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 
6

33
484 22

)1( =XE   
ba

ba
ba

+
=),(  

 
!)16(

1)!-(3!)13(
484

2

)1(
−

−
= XE   !)1( −= nn  

  22

)1(
120

192
4 =XE  

Now  

( ) ( ) ( ) 2)1(

2

)1()1(4 XEXEXVar −=  

( ) 22

)1(
5

8
4  −=XVar  

( ) 22

)1(
5

3

5

5-8
4  








=








=XVar  

ii) 3

)2(2X  

        Put     i=2   ,     n=3   , ii xy =  

    )((1)(
i)!-(n 1)!-(i

!
)( )

1

)( i

in

i

i

ii yfyFyF
n

yg
−−

−=  

    )((1)(
1! 0!

!3
)( )2(

23

)2(

12

)2()2( XfXFXFXg
−−

−=   

   )((1(6)( )2(

1

)2()2()2( XfXFXFXg −=        (A) 

As 



1
)( =xf  X0  

 ===

XX

XdXdXfxF
00

)(1
1

)()()(


 

x

XxF
0

1
)(


=  



X
xF =)(  



)2(

2 )(
X

xF =  



1
)( 2 =xf  

Now Esq. (B) becomes 



1
16)(

)2()2(

)2( 







−








=

XX
Xg  
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







−








=



)2()2(

)2( 1
6

)(
XX

Xg   

Now      

  = )2()2()2()2( )(22 dXXgXXE  

  )2()2(

)2()2(

0

)2( 1
6

22 dXX
XX

XE 















−=  



    (B) 

Put                                                                     



)2(X
W =  0)2( ⎯→⎯X                        Then   0⎯→⎯W  

)2(XW = ⎯→⎯)2(X                          Then    1⎯→⎯W  

dWdX =)2(  

  ( ) dWWWWXE 


−=  1
12

2

1

0

)2(  

  ( ) dWWWXE
12

1

0

13

)2( 1122
−− −=       ©   

As we know that beta function of 1stkind 

( ) dWwWba
ba 11

1

0

1),(
−− −=         (D)        

Comparing  (C) & (D)  

 a=3  , b=  2 

  )2,3(122 )2( =XE  

 
5

32
122 )2( =XE   Therefore 

ba

ba
ba

+
=),(  

 
!)15(

1)!-(3!)12(
122 )2(

−

−
= XE   Therefore !)1( −= nn  

  


 ===
24

24 

!4

2! 1!
122 )2(XE   

Hence proved )2(2X  is an unbiased estimator of   

Variance  

( )
)2(2XVar  

  ( ) )2()2(

2

)2(

0

2

)2( )(22 dXXgXXE =


 

  ( ) )2(

)2()2(2

)2(

0

2

)2( 1
6

22 dX
XX

XXE 









−










=  


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Put 



)2(X
W =  0)2( ⎯→⎯X               Then   0⎯→⎯W  

)2(XW =
                             

⎯→⎯)2(X                  Then    1⎯→⎯W  

dWdX =)2(  

  ( ) ( )( ) dWWWWXE 


−=  1
24

2
2

1

0

2

)2(
 

  ( ) ( ) dWWWXE
1214

1

0

22

)2( 1242
−−

−=   

Comparing  with  beta function  

  a=3  ,   b= 2 

  ( )2,4242 22

)2( =XE  

 
6

24
242 22

)2( =XE   
ba

ba
ba

+
=),(  

 
!5

!3
242 22

)2( =XE   !)1( −= nn  

 
5

6
2 22

)2( =XE  

Now  

( ) ( ) ( ) 2)2(

2

)2()2(2 XEXEXVar −=  

( ) 22

)2(
5

6
2  −=XVar  

( ) 2

)2(
5

1
2 =XVar  

iii) 
3

)3(
3

4
X  

        Put     i=3   ,     n=3   , ii xy =  

    )((1)(
i)!-(n 1)!-(i

!
)( )

1

)( i

in

i

i

ii yfyFyF
n

yg
−−

−=  

    )((1)(
0! 2!

!3
)( )3(

33

)3(

13

)3()3( XfXFXFXg
−−

−=   

  )((3)( )3(

2

)3()3( XfXFXg =        (A) 

As 



1
)( =xf  X0  
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 ===

XX

XdXdXfxF
00

)(1
1

)()()(


 

x

XxF
0

1
)(


=  



X
xF =)(  



)3(

3 )(
X

xF =  



1
)( 3 =xf  

Now Esq. (B) becomes 



1
3)(

2

)3(

)3( 







=

X
Xg  



1
3)(

2

)3(

)3( 







=

X
Xg   

Now   

)3()3(

2

)3(

0

)3(

3

3

4

3

4
dXX

X
XE 










=








 



    (B) 

Put                                                                     



)3(X
W =  0)3( ⎯→⎯X                        Then   0⎯→⎯W  

)3(XW =
                          

⎯→⎯)3(X                         Then    1⎯→⎯W  

dWdX =)2(  

( ) dWWWXE 


2
1

0

)3(

3

3

4

3

4
=








 

dWWWXE 1114

1

0

)3( )1(4
3

4 −− −=







      ©   

As we know that beta function of 1stkind 

( ) dWwWba
ba 11

1

0

1),(
−− −=         (D)        

Comparing  (C) & (D)  

 a=4  , b=  1 

)1,4(4
3

4
)3( =







XE  
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5

14
4

3

4
)3( =







XE  

=







)3(

3

4
XE   Therefore 

ba

ba
ba

+
=),(   

Hence proved )3(
3

4
X  is an unbiased estimator of   

Variance  









)3(

3

4
XVar  

)3()3(

2

)3(

0

2

)3( )(
3

4

3

4
dXXgXXE 








=











 

)3(

2

)3(

2

)3(

0

2

)3(

3

3

4

3

4
dX

X
XXE 


















=








 



 

Put 



)3(X
W =  0)3( ⎯→⎯X               Then   0⎯→⎯W  

)3(XW =
                             

⎯→⎯)3(X                  Then    1⎯→⎯W  

dWdX =)3(  

( ) ( ) WdWWXE 



22

1

0

2

)3(

3

9

16

3

4
=








 

( ) ( ) WdWWXE
1115

1

0

2

2

)3( 1
3

16

3

4 −−
−=








  

Comparing  with  beta function  

  a=5  ,   b= 1 

( )1,5
3

16

3

4 2

2

)3( =







XE  

6

15

3

16

3

4 2

2

)3( =







XE  

5

1

3

16

3

4 2

2

)3( =







XE  

15

16

3

4 2

2

)3( =







XE  

Now  
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2

)3(

2

)3()3(
3

4

3

4

3

4
















−








=








XEXEXVar  

22

)3(
15

16

3

4
 −=








XVar  

2

)3(
15

1

3

4
=








XVar  

Q.13: 

Let 1x and 
2x  be the tow independent unbiased statistical of the  . The variance of “ 1x ” twice of 

“
2x ”. If 2211 xkxky +=  is also unbiased estimator of  .find the value of 1k and 

2k .For smallest 

variance of “y”. 

Solution:  

As 

2211 xkxky +=  

Applying expectation on b.s 

)()( 2211 xkxkEyE +=  

)()()( 2211 xEkxEkyE +=  





=

=+=

)(

)()(

2

121

xE

xEkkyE
 

)( 21 kk +=  

1)( 21 =+ kk  

12 1)( kk −=                                   (i) 

Now 

2211 xkxky +=  

Taking variance on b.s 

)var()var( 2211 xkxky +=  

vx

vxxkxky

=

=+=

)var(

2)var()var()var()var(

2

12

2

21

2

1  

vkvky
2

2

2

1 2)var( +=  

2

1

2

1 )1(2)var( kvvky −+=  

)21(2)var( 1

2

1

2

1 kkvvky −++=  

1

2

1

2

1 22)var( vkvkvvky −++=  

1

2

1 23)var( vkvvky −+=  
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To minimize the function partially differentiate w.r.t to 
1k  and equating to zero. 

)23(
)(

1

2

1

11

vkvvk
kk

yv
−+




=




 

vvk 2060 1 −+=  

)13(20 1 −= kv  

)13(0 1 −= k  

12

11

1

3

1
13

kk

kk

−=

==
 

3

1
12 −=k  

3

2
2 =k  

Q.14: 

If  
2s     is an unbiased estimator of     

2    then show that ‘s’ is a biased estimator of  ‘ ‘.    

Solution: 

It is given that  

22 )( =sE  

0)( sVar  

( ) 0)()(
22 − sEsE  

( ) ( )22
)(sEsE   

( )22 )(sE  

)(sE  

Hence Proved that ‘s’ is a biased estimator of  ‘  ‘.    

Q.15: 

If nXXX ,...,, 21  be a random a sample of normal population with mean’ u’ and variance’ 1’. 

Then show that 
n

X
T

i
=

2

  is an unbiased estimator of 12 + .  

Solution: 

n

X
T i

2
=  

Applying expectation on both sides 

( )













=


n

X
ETE

i

2
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( )
( )

n

XE
TE

i
=

2

 

( ) ( )2iXE
n

n
TE =  

( ) ( )2iXETE =  

( )22 )()()var( XEXEX −=  Therefore 1)()( == XVarXE   

22 )(1 −= XE  

22 1)( +=XE  

21)( +=TE  

Hence 
n

X
T

i
=

2

is an unbiased estimator of .1 2+  

Q.16: 

 A random variable “x” is a uniformly distribution over the range   0<x<α     where “α” is the 

unknown parameter of sample of “n” independent  observaion are arranged in increasing order of 

magnitude as   x1
n< x2………….xn

n .   

Drive sampling distribution of   xr
n     the   rth    order statistic and verify that. 

)1(
)(

+
=

n

r
XE r


 and 









+

−+

+
=

)2(

1

)1(
)(

2

n

rn

n

r
XVar r


 

a) As shown that X(n )  is a biased estimator  of  α. But bias tends to zero as n~ ∞ . 

b)  for “n”  is odd both the sample mean and sample median are un baised estimator of   
α

2 
  

and the ratio of their variance 
3

2+n
 

Solution: 

As we know that pdf of rth order statistics 

   
)(

)!()!1(

)(1)(!
)(

1

r

rn

r

r

r
r Xf

rnr

XFXFn
Xg

−−

−
=

−−

 



1
)( =Xf  X0  



1
)( =rXf  rX0  

=
X

dxxfXF
0

)()(  

=
X

dxxfXF
0

)()(  



X
dxXF

X

== 
0

1
)(  
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
r

r

X
XF =)(  



 1

)!()!1(

1!

)(

1

rnr

XX
n

Xg

rn

r

r

r

r
−−









−









=

−−

 




=
0

)()( dxXgXXE rrr  

 −−









−









=

−−







0

1

1

)!()!1(

1!

)( dx
rnr

XX
n

XXE

rn

r

r

r

rr
 


−−









−









−−
=




0

1
1

1
)!()!1(

!
)( dx

XX
X

rnr

n
XE

rn

r

r

r
rr

 

Let  


rX
W =    Limits  

WX r =     1→→ WThenX r   

dWdX r =     00 →→ WThenX r  

   
−−

−
−−

=

1

0

1 1
1

)!()!1(

!
)( dWWWW

rnr

n
XE

rnr

r 


  

 
−+−−+ −

−−
=

1

0

1111 1
)!()!1(

!
)( dWWW

rnr

n
XE

rnr

r


 

Comparing with beta function of 1st kind  

 
−− −=

1

0

11

1 1),( dWWWba
ba  

a=r+1    b=n-r+1 

)1,1(
)!()!1(

!
)( 1 +−+

−−
= rnr

rnr

n
XE r 


 

)!1()!()!1(

)!(!!
)(

+−−

−
=

nrnr

rnrn
XE r


 

)!1()!1(

!!
)(

+−
=

nr

rn
XE r


 

!)1()!1(

)!1(!
)(

nnr

rrn
XE r

+−

−
=


 

)1(
)(

+
=

n

r
XE r


 




=
0

22 )()( dxXgXXE rrr  
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 −−









−









=

−−







0

1

22 1

)!()!1(

1!

)( dx
rnr

XX
n

XXE

rn

r

r

r

rr
 


−−









−









−−
=




0

1

22 1
1

)!()!1(

!
)( dx

XX
X

rnr

n
XE

rn

r

r

r
rr

 

Let  


rX
W =    Limits  

WX r =     1→→ WThenX r   

dWdX r =     00 →→ WThenX r  

   
−−

−
−−

=

1

0

122 1
1)(

)!()!1(

!
)( dWWWW

rnr

n
XE

rnr

r 


  

 
−+−−+ −

−−
=

1

0

1112
2

2 1
)!()!1(

!
)( dWWW

rnr

n
XE

rnr

r


 

Comparing with beta function of 1st kind  

 
−− −=

1

0

11

1 1),( dWWWba
ba  

a=r+2    b=n-r+1 

)1,2(
)!()!1(

!
)( 1

2
2 +−+

−−
= rnr

rnr

n
XE r 


 

)!2()!()!1(

)!()!1(!
)(

2
2

+−−

−+
=

nrnr

rnrn
XE r


 

!)1)(2()!1(

)!1()1(!
)(

2
2

nnnr

rrrn
XE r

++−

−+
=


 

)1)(2(

)1(
)(

2
2

++

+
=

nn

rr
XE r


 

 
22

222

)1()1)(2(

)1(
)()()( 









+
−

++

+
=−=

n

r

nn

rr
XEXEXVar rrr


 










+
−

+

+

+
=

)1()2(

)1(

)1(
)(

2

n

r

n

r

n

r
XVar r


 










+

+−++

+
=

)2(

)2()1)(1(

)1(
)(

2

n

nrnr

n

r
XVar r


 










+

−−+++

+
=

)2(

21

)1(
)(

2

n

rrnnrnr

n

r
XVar r


 










+

−+

+
=

)2(

1

)1(
)(

2

n

rn

n

r
XVar r


 



M.Riaz       Lecturer Statistics           The Islamia University of Bahawalpur RYK Campus- 29 

 

E (xn) =
1+n

n
≠ α 

 

Hence   X (n)   is a biased estimator of  . 

( ) ( )
11

1

1

11
)(X E n

+
−

+

+
=

+

−+
=

nn

n

n

n 
 

As n then→  

1
limt)(X E nn

+
−= →

n


  

0)(X E n −=  

=)(X E n

 

Hence proved When n → ∞  then   baised   →  0 

 

ii) 

 As we know that 

 

1
)(X E r

+
=

n

r
 

 If    ‘n’  is  odd  no  we  may  replace  n=2v+1     where  v=0,1,2……….. 

( )
valueth

n

2

1
Median

+
=  

( )
valueth

v

2

112
Median

++
=  

valuethv )1(Median +=  

 

So, 

112

)1(
)(X E med

++

+
=

v

v
 

2
)(X E med


=  

Now 

(X) E(X) E)
X

( E)X( E ===


n

n

n
 

 

= dxxxf )((X) E  

=




0

1
(X) E xdx  




0

2

2

1
(X) E

x
=  

2

1
(X) E

2


=  

2
)(


=XE  

E ( )
2


=x  

Hence sampling distribution of Median and sampling of mean both are unbiased estimators of 

2


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)2()1(

)1(
)(XVar 

2

2

r
++

+−
=

nn

rnr
 

 

Put      r=v+1 & n=2v+1 

)212()112(

)1112)(1(
)(XVar 

2

2

med
++++

+−−++
=

vv

vvv
 

)212()1(4

)1)(1(
)(XVar 

2

2

med
+++

++
=

vv

vv
 

)32(4
)(XVar 

2

med
+

=
v


 

)2(4
)(XVar 

2

med
+

=
n


     12 += vn  

 

)2(4
)(XVar 

2

med
+

=
n


 

And 

)(
1

)()()(
2

xv
n

xv
n

n

n

x
VarxVar ===


 

= dXXfxXE )()( 22  

3

1
)(X E

3
2 


=  

3
)(

2
2 
=XE  

Var(x)=E(x2)-(E(x))2 

2
2

)
2

(
3

)(


−=XVar  

2
2

)
2

(
3

)(


−=XVar  

12
)(

2
=XVar  

n
XVar

12
)(

2
=  

 

And 

( )24

12

)(

)(
Ratio

2

2

+

==

n

n

xv

xv

med 



 

( )
n

n

n

n
Ratio

3

2

12

24 +
=

+
=  

      Proved 

Q.17: 

 Show that (estimator) in a normal distribution with mean zero and standard deviation  then 

2

1

22

1 2

1

2

1
+










=



n

n
X

T

i

and 

2

2

1
)(

2

1 2

1

2

2
n

n
XX

T

−








−

=


 both are unbiased estimator of .  

Solution: 

As 
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2

1

22

1 2

1

2

1
+










=



n

n
X

T

i

 

Taking expectation on both sides  























+










=



2

1

22

1

)(

2

1

2

1
n

n
X

ETE
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2

1

2

1
2

1

2

1

2
)( 





























+
=  iXE

n

n
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 2
1

2
2

1

1
2

1

2

1

2
)( 




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


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






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


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n

n
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As we know that  
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
=

−
=

n

i

i

n

X

1
2

2

2





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=
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i
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1
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=
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Comparing with gamma function and we get 

    2
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 ofestimator  unbiasedan  isT Hence 1

 
Similarly  
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Taking expectation on both sides  
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As we know that  
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Comparing with gamma function and we get 
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Q.18 

If X1, X2,……. , Xn  from a population with mean “M” and variance “ 2 ”  and the correlation 

coefficient between any two observation is  . If    += 22 )( ii XkXhT   where   ‘h’ and ‘k’ 

are unknown constant and ‘T’ is an unbiased estimate of “ 2 ”.Then show that  
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Solution: 

Let 

 += 22 )( ii XkXhT          (A) 

Applying expectation on both sides       

 += ])([][ 22

ii XkXhETE  

 += ])()([][ 22

ii XkEXEhTE  


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 )()1()()(][ 22

jiii XXEnnXnEkXnhETE −++=  

 )()1()()(][ 22

jiii XXEnnkXnkEXnhETE −++=       (B) 

Side note: 

V(xi)= E(x2)-(E(x))2 

MxE i =)( MxE j =)(  

( ) 222 MxE −=  

222 )( MxE +=  

 Cov (xi , xj)  =E(xi ,xj)-E(xi) E(xj) 

      Cov (xi , xj) =E(xi ,xj)- M
2  

)(),(

),cov(

ji

ji

xvxv

xx
=          v (xi)=v(xj) 

2

),cov(




ji xx
=  

Cov(xi ,xj)=
 2

 

 2

=E(xi ,xj) - M
2 

 22)( +=MXXE ji  

Put  in equation ( B) 

))(1()()()( 222222 MnknMnkMnhTE +−++++=   

222222 )1()1()( MnnknknnkMnknhMnhTE −+−++++= 
2222222222)( nkMkMnnkknnkMnknhMnhTE −+−++++=   

22222222 )()( nhMkMnnkknnknhTE ++−++=   

As ‘T’ is an unbiased estimator of 
2 if and only if 



M.Riaz       Lecturer Statistics           The Islamia University of Bahawalpur RYK Campus- 35 

 

0222 =+ nhMkMn       (i) 
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As required result 
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